
Binomial Coe�cients (modpq)

Andrew Granville�

September 10, 1996

Abstract

We study the value of binomial coe�cients modulo given prime pow-

ers, and prove a wide variety of results, both old and new. Our main new

theorem is a generalization of Lucas' Theorem to arbitrary prime powers,

which allows us to evaluate
�
n

m

�
( mod pq) inO

�
log2 n+ q4 logn log p+ q4p log3 p

�
elementary operations. We also provide three quite di�erent proofs of Lu-

cas' Theorem, establish various extensions of Wolstenholme's Theorem,

generalize a result of Morley, and quite a bit else besides. We have col-

lected together some of the diverse directions taken in this subject, dis-

cussing connections with cellular automata, Fermat's Last Theorem and

the prime recognition problem, providing proofs where it seems appropri-

ate.

1 Introduction.

Many great mathematicians of the nineteenth century considered problems

involving binomial coe�cients modulo a prime power (for instance Babbage,

Cauchy, Cayley, Gauss, Hensel, Hermite, Kummer, Legendre, Lucas and Stick-

elberger | see [Di]). They discovered a variety of elegant and surprising The-

orems which are often easy to prove. In this article we shall exhibit most of

these results, extend them in a variety of ways, and give some new results. We

start with a discussion of some of what is known and state selected parts of our

new results: In 1852 Kummer showed that the power of prime p that divides

the binomial coe�cient
�
n
m

�
is given by the number of `carries' when we add m

and n�m in base p. In 1878 Lucas gave a method to easily determine the value

of
�
n
m

�
(mod p): Let m0 and n0 be the least non{negative residues of m and

n (mod p), respectively. Then�
n

m

�
�
�
[n=p]

[m=p]

��
n0

m0

�
(mod p);(1)
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where, as usual, [x] denotes the largest integer � x, and we use the convention�
r
s

�
= 0 if r < s. Re{writing n = n0 + n1p + n2p

2 + : : : + ndp
d and m =

m0 +m1p + : : : +mdp
d in base p (so that 0 � mi; ni � p � 1 for each i), this

may also be expressed as�
n

m

�
�
�
n0

m0

��
n1

m1

�
: : :

�
nd

md

�
(mod p):

Also, in this notation, Kummer's Theorem states that the power of p dividing�
n
m

�
is precisely the number of indices i for which ni < mi. We will give

three very di�erent proofs of Lucas' Theorem: the �rst, via number theory, in

section 2; the second, via cellular automata, in section 5; and the third, via the

combinatorics of power series, in section 6. If p divides
�
n
m

�
then (1) follows

easily from Kummer's Theorem. However, if pk is the exact power of p dividing�
n
m

�
, then we might ask for the value of 1

pk

�
n
m

�
( mod p). This is given by a result

discovered by each of Anton (1869), Stickelberger (1890) and Hensel (1902) (and

many others since !), which shows that

1

pk

�
n

m

�
� (�1)k

�
n0!

m0!r0!

��
n1!

m1!r1!

�
: : :

�
nd!

md!rd!

�
(mod p);(2)

where r = n�m. Numerous authors have asked whether there is an analogous

formula, modulo pq, for arbitrary q � 1. In section 2 we show the following:

For a given integer n de�ne (n!)p to be the product of those integers � n that

are not divisible by p. Theorem 1. Suppose that prime power pq and positive

integers m = n + r are given. Write n = n0 + n1p + : : : + ndp
d in base p, and

let Nj be the least positive residue of [n=pj ] (mod pq) for each j � 0 (so that

Nj = nj + nj+1p + : : : + nj+q�1p
q�1): also make the corresponding de�nitions

for mj ;Mj ; rj ; Rj . Let ej be the number of indices i � j for which ni < mi

(that is, the number of `carries', when adding m and r in base p, on or beyond

the jth digit). Then

1

pe0

�
n

m

�
� (�1)eq�1

�
(N0!)p

(M0!)p(R0!)p

��
(N1!)p

(M1!)p(R1!)p

�
: : :

�
(Nd!)p

(Md!)p(Rd!)p

�
( mod pq);

(3)

where (�1) is (�1) except if p = 2 and q � 3.

Taking q = 1 in (3) gives (2). Note that (3) may be re{written in terms

of factorials, as each (k!)p = k!
�
[k=p]!p[k=p]. Davis and Webb [DW] have also

generalized Lucas' Theorem to prime powers, though their result is slightly

more complicated, and they have the restriction that q � d + 1 � e0 | Al-

though it is 112 years since Lucas' proved (1), it is only within the last twelve
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months that it has been generalized to higher powers, and then in two in-

dependant papers! Theorem 1 provides a quick way to compute the value

of binomial coe�cients modulo arbitrary prime powers, as it is straightfor-

ward to determine each of the nj ; Nj ; ej ; : : : etc., and then we need only de-

termine the values of (k!)p (mod pq) (in (3)) with k < pq (which would take

O
�
log2 n+ pq log2(pq)

�
elementary operations). By showing that we actually

only need to determine the values of (k!)p (mod pq) for k < qp, we will speed

this up to O
�
log2 n+ q4 logn log p + q4p log3 p

�
elementary operations, in sec-

tion 3. Wilson's Theorem (which was actually discovered by Liebnitz) states

that (p�1)! � �1 (mod p) for all primes p. An easy consequence of this is that�
np�1
p�1

�
� 1 (mod p) for all integers n. In 1819 Babbage noticed that, further,�

2p�1
p�1

�
� 1 (mod p2) for all primes p � 3, and Wolstenholme, in 1862, that

�
2p� 1

p� 1

�
� 1 (mod p3)(4)

for all primes p � 5. In 1952 Ljunggren generalized this to
�
np
mp

�
�
�
n
m

�
(mod

p3); and Jacobsthal to �
np

mp

���
n

m

�
� 1 (mod pq)(5)

for any integers n > m > 0 and prime p � 5, where q is the power of p

dividing p3nm(n�m) (this exponent q can only be increased if p divides Bp�3,

the (p � 3)rd Bernoulli number). These results, as well as many other similar

congruences with larger exponents q, follow easily from Proposition 5 below.

For example, if prime p � 7 then

�
3p

2p

���
2p

p

�3

�
�
3

2

���
2

1

�3

(mod p5):(6)

Ljunggren's result above may be re{written as ((x+2)p!)p(xp!)p=((x+1)p!)2p �
1 (mod p3) for any integer x � 0 and p � 5. Proposition 5 implies the general-

ization
2rY
j=0

((x+ j)p!)
(2r
j
)(�1)2r�j

p � 1 (mod p2r+1);(7)

unless pr = 2, or 2r + 1 = p or p2, when the congruence holds (mod p2r).

Another generalization of Wolstenholme's congruence is given by
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Theorem 2. Suppose that prime p and positive integers u and r are given.

Then

(up!)p � �
rY

j=1

(jp!)�jp (mod p2r+1);(8)

except if pr = 2 or 2r + 1 = p or p2, when the congruence holds (mod p2r),

where `�' can only be `�' if p = 2 (which is easily determined by evaluating

both sides of (8) modulo 4), and the integer

�j(= �r;j(u)) :=
u

j

Y
1�i�r
i6=j

�
u2 � i2

j2 � i2

�
:(9)

Note how Theorem 2 allows us to express any (up!)p(mod pq) in terms of

(jp!)p with j � [q=2]. In Theorem 3 below we prove a similar result for any

factorial, which allows us to compute such factorials very rapidly.

In 1899 Glaisher observed that the number of odd entries in any given row

of Pascal's Triangle is a power of 2. This follows from Kummer's Theorem by

noting that
�
n
m

�
is odd if and only if there are no carries when adding m and

n�m in base 2; in other words that the digits `1' in the binary expansion of m

are a subset of those in the binary expansion of n. Clearly if there are k digits

`1' in the binary expansion of n, then there are 2k possible subsets of these `1's,

and each corresponds to a value of m | thus there are 2k odd entries in the

nth row of Pascal's Triangle.

Larry Roberts also has an elegant (unpublished) result, depending on Kum-

mer's Theorem: Let zn be the binary number whose mth digit is �
�
n
m

�
modulo

2; in other words, the integer formed by reading the nth row of Pascal's Trian-

gle, modulo 2, from left to right. Then zn =
P

2m, where the sum is over those

values of m, for which the digits `1' in its binary expansion are a subset of those

of n. Thus if Sn: = fi : ni = 1g then

zn =
X
I�Sn

Y
i2I

22
i

=
Y
i2Sn

Fi(10)

where Fi: = 22
i

+ 1 is the ith Fermat number.

In section 5 we give somewhat di�erent proofs of these results, and of Lucas'

Theorem, using cellular automata.

In a recent paper [Gr], using methods from both elementary number theory

and the theory of cellular automata, we extended this result of Glaisher's to
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the entries in Pascal's triangle that are 1 (mod 4): speci�cally we showed that

in any given row of Pascal's triangle, the number of entries that are congruent

to 1 (mod 4) is either 0 or a power of 2. Similarly for 3 (mod 4). We then

extended this to 1 (mod 8); 3 (mod 8); 5 (mod 8) and 7 (mod 8). The likeli-

hood of a general result of this type begins to emerge, and to �nd out more the

reader is encouraged to look at [Gr].

In 1876 Hermite showed that if n is odd then the sum of the binomial coe�-

cients
�
n
m

�
, over those positive integers m that are divisible by p� 1, is divisible

by p. In 1899 Glaisher generalized this by showing that for any given prime p

and integers 1 � j; k � p� 1, we have

X
1�m�n

m�j (mod p�1)

�
n

m

�
�
�
k

j

�
(mod p)(11)

for all positive integers n � k (mod p� 1). We prove this in section 6. In 1953

Carlitz generalized Hermite's Theorem to prime powers: If pq�1 divides n, with

q � 1 and p � 3, then

p+ (p� 1)
X

1�m�n�1

m�0 (mod p�1)

�
n

m

�
� 0 (mod pq):

In 1913 Fleck gave the related result that for any given prime p and integers

0 � j � p� 1 < n, we have

X
m�j (mod p)

�
n

m

�
(�1)m � 0 (mod pq);(12)

where q = [(n�1)=(p�1)]. In 1965 Bhaskaran showed that if p is an odd prime

then p+ 1 divides n if and only if

X
m�j (mod p�1)

�
n

m

�
(�1)(m�j)=(p�1) � 0 (mod p)(13)

for j = 1; 3; 5; : : : ; p � 2. We present proofs of these two results in section 7.

In 1895 Morley [Mo] showed that for any prime p � 5,

(�1)
(p�1)

2

�
p� 1

(p� 1)=2

�
� 4p�1 (mod p3):(14)
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His ingenious proof, which is based on an explicit form of De Moivre's Theorem,

can be modi�ed to show that (14) holds modulo p4 if and only if p divides Bp�3;

however it cannot be modi�ed to investigate other binomial coe�cients, and so

we use di�erent method for this in section 9. Our �rst result is that

(�1)
(p�1)(m�1)

2

�
p � 1

[p=m]

� �
p� 1

[2p=m]

�
: : :

�
p� 1

[(m� 1)p=m]

�
� mp�m+1 ( mod p2);

(15)

for anym � 2: In fact, this product is� mm(p�1)( mod p3) whenever the p�2nd
Bernoulli polynomial vanishes (mod p) at 1=m; 2=m; : : : ; (m � 1)=m (which is

immediate for m = 2).

In 1938 Emma Lehmer [Le] related the values of
�

p�1
[jp=m]

�
(mod p2), for 1 �

j < m � 6, to Fermat's Last Theorem for exponent p. We shall show, in section

9, that recent, as yet unpublished, results of Skula and Cui{Xiang imply that

if the �rst case of Fermat's Last Theorem is false for prime exponent p (that is,

there exist integers a; b; c, not divisible by p, for which ap + bp = cp) then�
p� 1

[jp=m]

�
� (�1)[jp=m] (mod p2)(16)

for 1 � j < m � 12; moreover, Skula'a approach implies that the `12' here may

be changed to any given number after a �nite amount of computation.

There are many results in the literature that relate the value of binomial

coe�cients of the form
�
n(p�1)=d
m(p�1)=d

�
(mod p), for a given, �xed d > 0 dividing

p� 1, to representations of the prime p by certain quadratic forms (see [HW]).

The �rst such result, due to Gauss (1828), is for d = 4: Write any prime

p � 1 (mod 4) as p = a2 + b2, and choose the sign of a so that a � 1 (mod 4);

then
�
(p�1)=2
(p�1)=4

�
� 2a (mod p). Recently, Beukers conjectured that�

(p� 1)=2

(p� 1)=4

�
�
�
1 +

2p�1 � 1

2

� �
2a� p

2a

�
(mod p2);

and this was proved in [CDE]. In 1846, Jacobi showed that if we write any

prime p � 1 (mod 3) as 4p = A2 + 27B2, where the sign of A is chosen so that

A � 1 (mod 3), then �
2(p� 1)=3

(p� 1)=3

�
� �A (mod p);

and this has now been shown to be � �A+ p=A (mod p2): These congruences,

modulo p2, have only been discovered quite recently (in [CDE]) and there are

presumably many others waiting to be found.
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I'd like to thank Larry Roberts for allowing me to give here his unpublished

result.

2 Elementary Number Theory and the Proof

of Theorem 1.

Wilson's Theorem, which states that (p!)p = (p � 1)! � �1 (mod p), may be

generalized to prime powers as follows: Lemma 1. For any given prime power

pq we have

(pq!)p � �1 (mod pq)

where �1 is �1, unless p = 2; q � 3 whence � = 1.

To show this we modify Gauss's proof of Wilson's Theorem: If we pair up

each m in the product with its inverse (mod pq) then we see that (pq!)p is

congruent, modulo pq, to the product of those m � pq that are not distinct

from their inverses (mod pq), that is those m for which m2 � 1 (mod pq). It is

easy to show that the only such m are 1 and pq � 1 unless pq = 2 (when one

only has m = 1) or p = 2; q � 3 when one has the additional solutions 2q�1 � 1

and 2q�1 + 1. The result follows.

In 1808 Legendre showed that the exact power of p dividing n! is

[n=p] + [n=p2] + [n=p3] + : : :(17)

Writing n in base p as above, we de�ne the sum of digits function �(n) =

�p(n):= n0 + n1 + n2 + : : : + nd. Then (17) equals

(n� �p(n))=(p� 1):(18)

These are both easily proved by an induction hypothesis: If n < p (that is

n = n0) then clearly p does not divide n! and both (17) and (23) equal zero.

So, given n � p, note that the set of integers m � n that are divisible by p are

precisely the set of integers pk for k � [n=p]. Thus the power of p dividing n! is

exactly [n=p] plus the power of p dividing [n=p]!. (17) then follows immediately

from the induction hypothesis, and (18) after noting that n0 = n � p[n=p] =

�p(n)� �p([n=p]).

Kummer's Theorem follows easily from (18): Let n = m+ r and write each

of n;m and r in base p. Let "j = 1 if there is a `carry' in the jth digit when

adding m and r in base p, let "j = 0 otherwise. Clearly then n0 = m0+ r0�p"0
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and nj = mj + rj + "j�1� p"j for each j � 1. Thus the power of p dividing
�
n
m

�
is, by (18),

�p(m) + �p(r)� �p(n)

p� 1
=

dX
j=0

mj + rj � nj

p� 1
=

p"0 +
Pd

j=0 (p"j � "j�1)

p� 1
=

d�1X
j=0

"j ;

the total number of `carries'.

We note here that, for each j � 1, we have

[n=pj ] � [m=pj ] � [r=pj ] = "j�1:(19)

This can be seen by letting n0;m0; r0 be the least residues, in absolute value,

of n;m; r (mod pj), respectively, so that pj times the left side of (19), plus

n0 �m0 � r0 equals n �m� r = 0. However,

n0 �m0 � r0 =

j�1X
i=0

(ni �mi � ri)p
i = �p"0 +

j�1X
i=1

("i�1� p"i)p
i = �pj"j�1:

and (19) follows.

The improvement, (2), of Lucas' Theorem is easily deduced from the equa-

tion

(�1)[n=p](n!)p � n0! (mod p);

which was discovered by Anton, Stickelberger and then Hensel. For an arbitrary

prime power pq, this may be generalized as follows: De�ne N0 to be the least

non{negative residue of n (mod pq), and � = �(pq). Then, writing each r in the

product below as ipq + j, we get

= �[n=p
q]
Y0

r�n

r

=

0
@[n=pq ]�1Y

i=0

�
Y0

1�j�pq

(ipq + j)

1
A
0
@ Y0

1�j�N0

([n=pq]pq + j)

1
A

� (�(pq!)p)
[n=pq] (N0!)p � (N0!)p (mod pq)(20)

by Lemma 1, where
Q
0
signi�es, here and henceforth, a product over integers

not divisible by p.

Now, with de�nitions as in Theorem 1, we have, for any given j � 0,

[n=pj ]!
�
p[n=p

j+1][n=pj+1]! = ([n=pj ]!)p � �[n=p
j+q](Nj !)p (mod pq)

by (20). Multiplying together this congruence for each j � 0 we get
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Proposition 1. For any integer n and prime power pq, we have

n!

�
p

P
j�1

[n=pj ] � �

P
j�q

[n=pj ]
Y
j�0

(Nj !)p (mod pq);

where � is de�ned as in Lemma 1 and each Nj as in Theorem 1.

Theorem 1 then follows from dividing the equation in Proposition 1 by the

corresponding ones for m and r, and then using (19) to sort out the exponents

of � and p.

3 Fast computation of binomial coe�cients (mod

p
q).

In (20) above we saw how any (n!)p may be expressed, modulo pq , in terms of

values of (k!)p (mod pq) with k < pq: this was the key fact behind Proposition

1 and Theorem 1. In this section we prove the following result which allows

us to express (n!)p, modulo pq, in terms of (k!)p (mod pq) with k < qp: Given

integers n � m � 0 de�ne
�
n
m

�
p
: = (n!)p

�
(m!)p(n �m!)p.

Theorem 3. Suppose that prime power pq and non{negative integers u and v

are given with p� 1 � v � 0. Then

�
up+ v

v

�
p

�
q�1Y
j=1

�
jp+ v

v

��j
p

(mod pq);(21)

where the integer

�j(= �q;j(u)) :=
u

j

Y
1�i�q�1

i6=j

�
u� i

j � i

�
:

Now, given (up+ v)!p, where p� 1 � v � 0; u � 0, �rst write (up+ v)!p =

v!(up!)p
�
up+v
v

�
p
; and then compute (up!)p using Theorem 2, and

�
up+v
v

�
p
using

Theorem 3: We are thus able to express (up+ v)!p(mod pq) in terms of (jp!)p

and (jp+ v)!p, with 0 � j � q � 1.

Notice that any
�
jp+v
v

�
p
� 1 (mod p), so that

�
jp+v
v

�pq�1
p

� 1 (mod pq):

Thus, in (21), we need only consider the value of �j(u) (mod pq�1) (and simi-

larly �j(u) (mod p2r) in (8)). Therefore, in order to compute 1
pk

�
n
m

�
(mod pq)

rapidly (where k is as (2)), we suggest the following algorithm:
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i) Use Theorem 1 to re{express 1
pk

�
n
m

�
(mod pq) as a product of integers of

the form (a!)p with a < pq.

ii) Write each such a as up+ v with p� 1 � v � 0, and then use Theorems

2 and 3 to write each such (up + v)!p in terms of (b!)p with b < qp, to powers

no larger than pq�1.

iii) Compute each (b!)p (mod pq) with b < qp, and then take each of these

to the required power.

An elementary analysis reveals that (i) requiresO(log2 n), (ii) requiresO(q4 log n log p)

and (iii) requires O(q4p log3 p) elementary operations, so that this algorithm

typically produces enormous savings over just using Theorem 1.

In order to prove Theorem 3, we need the following

Proposition 2. For any given prime power pq, integer u and rational y, whose

denominator is not divisible by p, we have

(1� upy) �
q�1Y
j=1

(1� jpy)�j(u) (mod pq):(22)

Theorem 3 then follows by taking the product of the equation in Proposition

2, with y = �1=m, for each m � v that is not divisble by p.

Henceforth let p0 = p if p � 3 and p0 = 4 if p = 2. Eisenstein (1850)

and Kummer (1851) introduced the p{adic logarithm and p{adic exponential

functions: Given a rational number x, de�ne p{adic numbers

logp(1� x):= �
X
n�1

xn

n
when pjx and expp(x):=

X
n�0

xn

n!
when p0jx:

Various properties of these functions are discussed in section 5 of [Wa]: For

instance if p divides both x and y then logp((1�x)(1�y)) = logp(1�x) logp(1�
y). Moreover if p0 divides x then logp(expp(x)) = x and expp(logp(1�x)) = 1�x;
also the highest power of p dividing x is the same as that dividing logp(1� x).

These properties will be vital in our proofs of Theorems 2 and 3.

The Proof of Propositon 2: If pq = 2 then the result is trivial, so assume

pq � 3. Now take the p{adic logarithm of the quotient of the two sides of

(22), so that the result is equivalent to proving that
P

m�1 p
mymHm(u)=m �

0 (mod pq), where Hm(u):=
Pq�1

j=1 �j(u)j
m�um. We shall actually prove that

each individual term, pmymHm(u)=m, of the sum is � 0 (mod pq). For those

terms with 1 � m � q � 1 we use

Lemma 2. Given y0 and distinct y1; y2; : : : yn, we have

b1y
m
1 + b2y

m
2 + : : : + bny

m
n = ym0 for m = 0; 1; : : : ; n � 1
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where

bj =
Y

1�i�n
i6=j

�
y0 � yi

yj � yi

�

for each j; 1 � j � n.

This may be veri�ed in a number of ways, for instance by inverting the

relevant Vandermonde determinant.

Now, taking n = q � 1; y0 = u and each other yj = j in Lemma 2, we �nd

that bj = j�j=u for each j � 1, and so Hm(u) = 0 for 1 � m � q�1. Note that

each �j = (�1)q�1�j
�

u
u�j

��
u�j�1
u�q

�
, and so is an integer.

For those terms with q � m � 2q � 1 we use

Lemma 3. Suppose that integers b0; b1; : : : bn; y0; y1; : : : yn are given with
Pn

j=0 bjy
m
j =

0 for 1 � m � r. Then
Pn

j=0 bjy
m
j is divisible by m, whenever r + 1 � m �

2r + 1.

Proof: If pq divides m then �(pq) divides m�m=p and r � m=p � pq�1 � q,

so that
Pn

j=0 bjy
m
j �

Pn
j=0 bjy

m=p
j = 0 (mod pq). The result follows from the

Chinese Remainder Theorem.

Thus taking b0 = �1 and, otherwise, the bj 's and yj 's as before, we �nd that

Hm(u)=m is an integer for q � m � 2q�1, by Lemma 3, and so pmymHm(u)=m �
0 (mod pq).

Finally note that the power of p dividing m is (trivially) � m=p, so that

the power of p dividing pm=m is � m=2. Thus pmymHm(u)=m � 0 (mod pq)

whenever m � 2q as each ymHm(u) is an integer.

4 Recognizing the primes.

Gauss (Disquisitiones Arithmeticae, 1801, art. 329) wrote:

The problem of distinguishing prime numbers from composite numbers ... is

known to be one of the most important and useful in arithmetic. ... The dignity

of the science itself seems to require that every possible means be explored for

the solution of a problem so elegant and so celebrated.

In 1773 Lagrange observed that Wilson's Theorem could be used to identify

primes by writing it in the form

An integer n � 2 is prime if and only if n divides (n� 1)! + 1.

In connection with the solution of Hilbert's Tenth Problem, Matijasevi�c

(1971) constructed an integer polynomial f (in many variables) such that the
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set of positive values of f is exactly the set of prime numbers (see [JSWW] for an

elegant construction). The construction is based on Lagrange's reformulation

of Wilson's Theorem. Professor J.P. Jones has asked whether a similar criteria

to identify primes can be obtained from Wolstenholme's congruence: that is,

whether it is true that (4) holds if and only if p is a prime � 5. (R. McIntosh

has shown that the congruence can hold ( mod p) for composite p = 29�937 and
even (mod p2) for p = 168432; thus the `3' is certainly necessary.) One might

also ask the same question based on the generalization (5) of Wolstenholme's

Theorem, or of (6).

As far back as 1819, Babbage gave an easily proved characterization of the

primes, based on a number of simultaneous congruences:

An integer n � 2 is prime if and only if
�
n+m
n

�
� 1 (mod n) for all m; 0 � m � n � 1

(notice that the range for m may be shortened to 0 � m �
p
n).

In 1972, Mann and Shanks [MS] came up with another characterization

involving a number of simultaneous congruences:

An integer n � 3 is prime if and only if m divides
�

m
n�2m

�
for all m; 0 � 2m � n

(notice that the range for m may be shortened to n�
p
n � 2m � n). To prove

this note �rst that if n is prime then
�

m
n�2m

�
= m

n�2m

�
m�1

n�2m�1

�
, which is clearly

divisible by m, as (m;n � 2m) = 1. On the other hand, if even n is composite

take m = n=2 so that m does not divide
�
m
0

�
= 1, and if odd n is composite

and divisible by prime p take m = (n � p)=2. If pr is the highest power of p

that divides m (note that r � 1) then it is easy to show that pr�1 is the highest

power of p that divides
�
m
p

�
, by Kummer's Theorem.

In 1915 Fleck gave an imaginative generalization of Wilson's Theorem, that

can be used to characterize primes after a certain amount of trial division:

For any integers a � 1 and n, free of prime factors � a, we have that n is

prime if and only if�
a

a

��
a+ 1

a

��
a+ 2

a

�
: : :

�
n� 1

a

�
� (�1)(

a+1

2 )
�
a

1

��
a

2

�
: : :

�
a

a � 1

�
(mod n):

(23)

(Actually Fleck did not include the condition that n is free of prime factors � a

but some such condition is essential as (23) holds for the example a = 6; n = 15.)

To see this, note �rst that if n is composite with prime factor q; a < q < n,

then q divides the left side of (23) (as q divides
�
q
a

�
), but not the right side. On

the other hand suppose that n = p is prime. We prove (23) for 1 � a � p � 1

by induction on a: For a = 1 this is just Wilson's Theorem. Thereafter, the

ratio of (23) for a+ 1 to (23) for a, is (p� 1� a)!=(a+ 1)p�1�a on the left side

12



and (�1)a+1(a + 1)a=a! on the right side, which are congruent, modulo p, by

Fermat's Theorem and Wilson's Theorem.

5 Pascal's triangle via cellular automata.

A beautiful aspect of Pascal's triangle modulo 2 is that the `pattern' inside any

triangle of 1's is similar in design to that of any subtriangle, though larger in

size. If we extend Pascal's triangle to in�nitely many rows, and reduce the scale

of our picture in half each time that we double the number of rows, then the

resulting design is called self{similar { that is, our picture can be reproduced by

taking any subtriangle and magnifying it. Such an approach to Pascal's triangle

is taken in [Wo]; and many examples of self{similarity have been investigated

by Mandelbrot [Ma].

We can study the value of entries in Pascal's triangle (mod p) by such a

`pictorial approach': (mod p) has 1's on either end with 0's all the way in{

between; and from the fact that any entry of the triangle is just the sum of

the two adjacent entries on the line immediately above, we form a triangle

underneath each of these 1's whose entries are the same as those of Pascal's

triangle (mod p). These two triangles stay independant of one another until

they meet in the 2pth row. Thus, in that row, we have two copies of the pth row

of Pascal's triangle, side{by{side, except that the middle term, has the corner

terms of our two triangles overlayed: Therefore this row has a 1 on either end,

a 2 in the middle, and 0's all the way in{between.

Again, underneath each of these 1's we form a triangle whose entries are the

same as those of Pascal's triangle (mod p), while underneath the 2 we form a

triangle whose entries are twice that in Pascal's triangle (mod p). These three

triangles meet in the 3pth row, which thus has 1's on either end, 3's at one{third

and two{thirds of the way across and 0's everywhere else. Now underneath each

of the 1's we again form a triangle whose entries are the same as those of Pascal's

triangle (mod p), while underneath the 3's we form a triangle whose entries are

three times that in Pascal's triangle (mod p).

Continuing this process, we see that the npth row of Pascal's triangle (mod

p) is a copy of the nth row, with p � 1 0's placed between consecutive en-

tries; and that the p � 1 rows immediately beneath the npth row are given

by forming triangles underneath each non{zero entry of the npth row (say,�
np
mp

�
�
�
n
m

�
(mod p)), that are

�
n
m

�
times Pascal's triangle (mod p). Thus

13



�
np+k
mp+j

�
�
�
n
m

��
k
j

�
(mod p), so that Lucas' Theorem may be viewed as a result

about automata with p possible states !

Wolfram gave an elegant proof of Glaisher's Theorem (that the number of

odd entries in a given row of Pascal's triangle is a power of 2), via the following

induction hypothesis: For each n � 1, rows 2n to 2n+1�1 modulo 2 are given by

taking two copies of rows 0 to 2n�1 of Pascal's triangle, modulo 2, side{by{side,

and �lling the space in{between with 0's; moreover Glaisher's result holds for

each of these rows. For n = 1 we observe this by computation. For n � 2 note

that row 2n�1 must be all 1's so that row 2n has 1's on either end with 0's all the

way in{between. Thus, underneath each of these 1's we obtain a triangle whose

entries are the same as those of Pascal's triangle, and the triangles don't meet

until after the (2n+1 � 1)th row. Therefore the (2n + r)th row (0 � r � 2n � 1)

modulo 2 is just two copies of the rth row modulo 2, with some 0's in{between,

and so has twice as many odd entries as the rth row; this completes the proof.

Also, as row k = 2n+r is two copies of row r, whose �rst entries are seperated

by 2n � 1 0's, thus Roberts' integer

zk =
�
22

n

+ 1
�
zr =

Y
i2fng[Sr

Fi =
Y
i2Sk

Fi:

The above approach has a further pretty consequence (see also [Lo]): If

we cut Pascal's triangle modulo p into subtriangles whose boundaries have pk

entries, in the obvious way (that is, with rows 0 to pk � 1 in the �rst such

triangle, then rows pk to 2pk � 1 cut into three subtriangles, two outer and

one inner inverted triangle, etc. etc.), then any given subtriangle is exactly the

sum of the two adjacent subtriangles, in the row of subtriangles immediately

above. In other words these subtriangles obey the same addition law as Pascal's

triangle itself. The behaviour of Pascal's triangle modulo higher powers of p is

somewhat more complicated, but still follows certain rules which are discussed

in [Gr].

Finally we mention a result of Trollope (1968): Let s(x):= 1
x

P
n�x �2(n).

A typical integer n � x has logx= log 2 digits, half of which one expects to be

1's, so that s(x) should be approximately log x=2 log 2. Therefore, we compare

s(x) with s(x0), when log x= log 2 and log x0= log 2 have the same fractional part,

by considering the function

f(x) = lim
k!1

�
s(2kx)� log(2kx)

2 log 2

�
;

for each x; 1 � x � 2. One can easily show that this limit exists and that the
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function f(x) is continuous. However Trollope proved the surprising result that

f(x) is nowhere di�erentiable. For more on such questions see [BCM].

6 Studying binomial coe�cients through their

generating function.

We start this section by giving another proof of Lucas' Theorem (due to Fine

(1947)), based on the obvious generating function for
�
n
m

�
: Start by noting that

(1 + X)p
j � 1 + Xpj (mod p) as each

�
pj

i

�
is divisible by p, by Kummer's

Theorem, unless i = 0 or pj . Therefore, writing n in base p, we have

nX
m=0

�
n

m

�
Xm = (1 +X)n =

dY
j=0

�
(1 +X)p

j

�nj

�
dY

j=0

�
1 +Xpj

�nj
=

dY
j=0

0
@ njX

mj=0

�
nj

mj

�
Xmjp

j

1
A

=

nX
m=0

0
@ dY
j=0

�
nj

mj

�1AXm (mod p)

and the result follows.

We can use the same approach to try to prove the analogue of Lucas' The-

orem modulo p2, and arbitrary prime powers, but the details become much

more complicated than in the proof given in section 2. We may also general-

ize this method to evaluate, modulo p, the coe�cients of powers of any given

polynomial:

Given an integer polynomial f(X) of degree d, de�ne f(X)n =
Pnd

m=0

�
n
m

�
f
Xm,

and let
�
n
m

�
f
= 0 if m < 0 or m > nd (note that

�
n
m

�
=
�
n
m

�
f
when f(X) =

X + 1). Clearly f(X)p � f(Xp) (mod p) using Fermat's Theorem, and so

f(X)n � f(Xp)[n=p]f(X)n0 =
X
r;t�0

�
[n=p]

t

�
f

�
n0

r

�
f

Xpt+r (mod p):

But if m = pt+ r then r is of the form m0 + kp and so we obtain the following

generalization of (1):

�
n

m

�
f

�
d�1X
k=0

�
[n=p]

[m=p] � k

�
f

�
n0

m0 + kp

�
f

(mod p):(24)
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We use a similar approach in the

Proof of (11): By induction on n: For 1 � n � p�1 we must have n = k and

the only possible value of m in the sum is j, so that the result is trivial. Now

assume that n � p, and write m and n in base p. Then

m0 +m1 + : : : +md = �p(m) � m � j (mod p� 1)(25)

for eachm in the sum in (11), as pi � 1 (mod p�1) for each i. Thus, by Lucas'

Theorem, the sum in (11) is congruent to

X �
n0

m0

��
n1

m1

�
: : :

�
nd

md

�
(mod p);

where the sum is over all (d+ 1){tuples of integers (m0;m1; : : : ;md) satisfying

(25) and not all zero. This is exactly the sum of the coe�cients of

Xj ;Xj+p�1;Xj+2(p�1); : : : in (1+X)n0(1+X)n1 : : : (1+X)nd = (1+X)�p(n),

which equals X
1�r��p(n)

r�j (mod p�1)

�
�p(n)

r

�
;

(11) then follows from the induction hypothesis as 1 � �p(n) � n � 1 and

�p(n) � n (mod p� 1).

7 A little algebraic number theory.

Proof of (12): Let � be a primitive p th root of unity and recall that (p) =

(1 � �)p�1 as ideals in Q(�). De�ne fj to be the sum on the left side of (12)

for each j, so that gi: =
P

0�j�p�1 fj�
ij = (1� �i)n which belongs to the ideal

(1 � �)n, for 0 � i � p � 1. Therefore fj = 1
p

P
0�i�p�1 gi�

�ij , belongs to

(1 � �)n�p+1, but as each fj is a rational integer, it is divisible by pq where

(p�1)q is the smallest multiple of (p�1), which is � n�p+1, and (12) follows

immediately.

Proof of (13): Let d be a quadratic non{residue (mod p) and a; b and n any

positive integers. De�ne the sequence fungn�0 of integers by

u0 = 0; u1 = 1 and un+2 = 2aun+1 � (a2 � db2)un for all n � 0;

so that, from the binomial theorem,

un =
(a+ b

p
d)n � (a � b

p
d)n

2b
p
d

(26)
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�
p�1X
j=1
jodd

�ja
n�jbj�1d

j�1
2 (mod p);(27)

as d(p�1)=2 � �1 (mod p), where �j is the sum in (13).

Now, by Kummer's Theorem,

up+1 �
�
p+ 1

1

�
apb+

�
p+ 1

p

�
abp(�1) � 0 (mod p);

and so, if p + 1 divides n then p divides up+1, which divides un, by (26). So

by selecting a = b = 1 and letting d run through all quadratic non{residues

(mod p), we have p�1
2

equations in the p�1
2

unknowns �j . Therefore each �j

must be divisible by p as these equations give rise to a Vandermonde matrix

whose determinant is not divisible by p.

On the other hand if (13) holds for all odd j then un is divisible by p for any

admissible choices of a; b and d, by (27). Now �x d and select a and b so that

a+b
p
d is a primitive root modulo p in the �eldQ(

p
d). Note that (a+b

p
d)p �

a�b
p
d ( mod p), so that (a+b

p
d)p�1 � (a�b

p
d)=(a+b

p
d) ( mod p). By (26),

we see that f(a � b
p
d)=(a + b

p
d)gn � 1 (mod p), and so (a + b

p
d)n(p�1) �

1 (mod p). But a + b
p
d is a primitive root modulo p and so p2 � 1 divides

(p� 1)n, giving that p + 1 divides n.

8 Bernoulli numbers and polynomials.

The Bernoulli numbers, fBngn�0, and the Bernoulli polynomials, fBn(t)gn�0,

are de�ned by the power series

X

eX � 1
=
X
n�0

Bn

Xn

n!
and

XetX

eX � 1
=
X
n�0

Bn(t)
Xn

n!
;

so that Bn = Bn(0) and Bn(t) =
Pn

k=0

�
n
k

�
Bkt

n�k. Some useful facts, that

follow straight from these de�nitions, are that each Bn is a rational number,

Bn = 0 if n is odd and � 3, and

mn

m�1X
i=1

�
Bn

�
i

m

�
�Bn

�
= mBn(1�mn)(28)

for all integers n � 0.

In 1840 Clausen and Von Staudt showed that the denominator of Bn (n even)

is precisely the product of those primes p for which p� 1 divides n; and further
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that pBn � p � 1 (mod p) for each such p (actually one also has pBp2�p �
p� 1 (mod p2)). In 1851 Kummer showed that Bm=m � Bn=n (mod pr) for

any even integers m and n, satisfying m � n � r + 1; m � n (mod �(pr)) and

n 6� 0 (mod p� 1); and one can use this in showing that

(Bm � Bn) � 0 (mod pr)(29)

whenever m � n (mod �(pr+1)) and m � n � r + 2.

For any positive integers t and n, we have

t�1X
j=0

jn =
1

n+ 1
(Bn+1(t)� Bn+1):(30)

and Kummer's congruences for Bernoulli polynomials. Consequently, if m di-

vides up + v, for given integers 1 � u; v < m < p, then, by combining the

identity

Bn

�
up+ v

m

�
�Bn

� v
m

�
=

nX
j=1

�
n

j

�
Bn�j

� v
m

� �up
m

�j

with (30), we obtain

X
0�j�[up=m]

jn�1 =
1

n

n
Bn

� v
m

�
�Bn

o
+

nX
i=1

1

n

�
n

i

�
Bn�i

� v
m

� �up
m

�i

� 1

n

n
Bn

� v
m

�
�Bn

o
+
up

m
Bn�1

� v
m

�
(mod p2)(31)

for primes p � 5 provided n 6� 2 (mod p� 1).

9 Theorems of Morley and Emma Lehmer and

their generalizations.

Taking n = p� 1 in (31) gives

(�1)[up=m]

�
p� 1

[up=m]

�
=

Y
j�up=m

�
1� p

j

�
� 1� p

X
1�j�((up+v)=m)�1

jp�2

� 1� p

(
Bp�1

�
v
m

�
� Bp�1

p� 1

)
(mod p2);(32)
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which implies (15) after summing over each u; 1 � u � m � 1, applying (28)

and then using Fermat's Theorem and the Von Staudt{Clausen Theorem.

In 1909, Wieferich showed that if the �rst case of Fermat's Last Theo-

rem is false for prime exponent p then p2 divides 2p�1 � 1; thus
�

p�1
(p�1)=2

�
�

(�1)(p�1)=2 (mod p2) by (15). In 1914, Frobenius gave an induction hypothesis

which should allow one to extend this to p2 divides mp�1 � 1, for each suc-

cessive integer m; however, because of the enormous amount of computation

required for each step of the hypothesis, this is currently known to hold only up

to m = 89.

In 1938, Emma Lehmer used identities like (28) to show that if the �rst

case of Fermat's Last Theorem is false for prime exponent p then Bp�1(j=m) �
0 (mod p) for 1 � j < m � 6. Recently Skula has modi�ed Frobenius's induc-

tion hypothesis so that themth step might also show that Bp�1(v=m)�Bp�1 �
0 (mod p) for 1 � v � m� 1: (32) would then give (16) for 1 � j = u � m� 1.

(Skula has done this form � 10; Zhong Cui{Xiang has obtained the same result

for �(m) � 6, independantly.)

The left side of (15) is

� 1 � p
X
j

1

j
+

p2

2

0
@X

j

1

j

1
A

2

� p2

2

X
j

1

j2
(mod p3);(33)

where
P

j =
Pm�1

u=1

P
1�j�[up=m].

Taking n = p2 � p and n = p � 2 in (31), and then using a number of the

well{known congruences quoted in section 8 as well as (28), we obtain

X
j

1

j
� m

 
1�mp2�p

p2

!
+

p

m

m�1X
v=1

uBp�2

� v
m

�
(mod p2);

and
P

j 1=j2 � 0 (mod p). Substituting these equations into (33), and using

the fact that (mp2�p � 1)=p2 � q � pq2=2 (mod p2) for q = (mp�1 � 1)=p, we

see that the left side of (15) is

� mm(p�1) � p2

m

m�1X
v=1

uBp�2

� v
m

�
(mod p3):
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10 Some useful p{adic numbers.

In section 11 we apply the results from here to binomial coe�cients. We start

by proving

Proposition 3. If x is divisible by prime p then

logp(1� x) = lim
r!1

(1� x)p
r � 1

pr
;(34)

where the limit is taken p{adically.

Proof: Suppose that r � q � 1. If j � r + q then pq divides the numerator of

both xj=j and 1
pr

�
pr

j

�
(�x)j. If 1 � j � r + q � 1 and r is su�ciently large then

1

pr

�
pr

j

�
=

1

j

j�1Y
i=1

pr � i

i
� (�1)j�1

j
(mod pq);

so that

(1� x)p
r � 1

pr
=
X
j�1

1

pr

�
pr

j

�
(�x)j � �

r+q�1X
j=1

xj

j
� logp(1� x) (mod pq):

Therefore, letting r !1 and then q !1, we obtain (34).

For each n � 1, de�ne

B�n: = lim
r!1

B�(pr)�n;

where the limit here is taken p-adically: Note that this limit exists and is well

de�ned by (29); moreover B�n = 0 for all odd n. (Using Theorem 5.11 of

[Wa], one can also show that B�n = nLp(n + 1; !�n), where Lp(s; �) is the

p{adic L{function, and !(a) is that p{adic (p � 1)st root of unity for which

!(a) � a (mod p).)

Our main result of this section is

Proposition 4. For any integer x we have

logp(�x(px)!p) = �px +
X
k�3
k odd

B1�k

1� k

(px)k

k
;(35)

where �x(= �1) is chosen so that �x(px)!p � 1 (mod p0), and

�p: = lim
r!1

pB�(pr) � (p� 1)

�(pr)
:
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(Using Theorem5.11 of [Wa], one can also show that �p = lims!1

n
�pLp(s; �0)� p�1

1�s

o
,

where �0 = 1: note that Lp(s; �0) has a pole at s = 1.)

Proof: As j�(p
0) � 1 (mod p0) whenever p does not divide j, we have

�(p0) logp(�x(px)!p) =
X0

1�j�px

logp(j
�(p0)) = lim

r!1

X0

1�j�px

jp
r�(p0) � 1

pr
;

by Proposition 3. Now, �x q � 1 and take n = pr�(p0) in (30), so that

1

n

X0

1�j�px

(jn � 1) � 1

n

0
@px�1X

j=1

jn � (p� 1)x

1
A (mod pq)

�
q+r+1X
k=1

1

n(n+ 1)

�
n + 1

k

�
Bn+1�k(px)

k � (p� 1)x

n
(mod pq)

� x

�
pBn � (p� 1)

n

�
+

q+r+1X
k=3
k odd

B1�k

1� k

(px)k

k
(mod pq);

for all su�ciently large r, as 1
n(n+1)

�
n+1
k

�
� (�1)k

k(k�1)
(mod pq) for those k in the

sum. Therefore, letting r !1 and then q !1, we obtain (35).

11 Congruences modulo higher powers of primes.

The main result of this section is the most di�cult of the paper: Proposition

5. Suppose that 1 � r � k � 1 and a1; a2; : : : ; ak; x1; x2; : : : ; xk, with each

xj � 0, are integers such that

a1x
m
1 + a2x

m
2 + : : : + akx

m
k = 0(36)

for each odd integer m; 1 � m � 2r� 1. Given prime p, let � = 1, unless p = 2

and 1
2

P
j:xj is odd aj is odd, in which case � = �1. Then

�

kY
j=1

(pxj)!
aj
p � 1 (mod p2r+1);(37)

unless (i) pr = 2; or

(ii) 2r + 1 = p and p2 does not divide
Pk

j=1 ajx
p
j ; or
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(iii) 2r + 1 = p2 and p does not divide
P

pjxj
aj(xj=p).

In each of these three cases the congruence in (36) holds (mod p2r).

(Note that � was chosen so that the left side of (37) is � 1 (mod p0).) Proof

of Theorem 2: Take y0 = u2 and each other yj = j2 in Lemma 2, so that

bj = j�j=x and thus �11
m+�22

m+ : : :+�nn
m = um for each odd m; 1 � m �

2n � 1. Note that �j = (�1)r�j
��

u+r
u�j

��
u�j�1
u�r�1

�
�
�
u+r
u+j

��
u+j�1
u�r�1

��
, and so is an

integer. The result follows from taking r = n and k = n + 1 in Proposition 5.

Note that (6) follows from Theorem 2 with r = 2 and u = 3. We can also

give the

Proof of (7): Take yj = x+ j and n = 2r in Lemma 2 so that

2rX
j=0

�
2r

j

�
(�1)2r�j(x+ j)m = 0

for each odd integer m; 1 � m � 2r � 1. The result then follows from taking

k = 2r + 1 in Proposition 5.

Now assume that (36) holds for m = 1. Proposition 4 then implies that

logp

0
@� kY

j=1

(pxj)!
aj
p

1
A =

X
m�3
m odd

B1�m

1�m

pm

m

0
@ kX

j=1

ajx
m
j

1
A :(38)

The idea will be to apply the p{adic exponential function expp to both sides

of this equation. For example, let k = p + 1; ap+1 = �1; xp+1 = pq and

aj = 1; xj = pq�1 for 1 � j � p. Then (38) gives that

(pq+1!)p � (pq!)pp (mod p3q+1)(39)

for p � 5, and modulo p3q�1 for p = 2; 3 except if pq = 2.

For another example let k = 3; a1 = 1 and a2 = a3 = �1, so that x1 =

x2 + x3; note that this implies that xm1 � xm2 � xm3 is divisible by x1x2x3 for all

odd m � 1. Jacobsthal's result (5) then follows easily from (38), as well as a

version for primes 2 and 3 ((5) holds if pq divides 18mn(m� n)).

We now proceed to the

Proof of Proposition 5: Start by noting that the proof of Lemma 3 is easily

modi�ed to show that
Pk

j=1 ajx
m
j is divisible by both m� 1 and m for all odd

m; 2r+1 � m � 4r�3, given that (36) holds for all oddm � 2r�1. Therefore,

as each pB1�m is a p{adic unit, (38) implies that

logp

0
@� kY

j=1

(pxj)!
aj
p

1
A � p2r+1 B�2r � an integer (mod p2r+2);(40)
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other than in those few cases where the terms for m � 4r � 1 (in (38)) are

relevant (namely for r = 1; m = 5; p = 2 and 5, for r = 2; m = 7; p = 2; 3 and

7, and for r = 2; m = 9; p = 2; however they are all � 0 (mod p2r+1), except

r = 1; m = 5; p = 2).

Evidently the right side of (40) is � 0 (mod p2r+1) unless p divides the

denominator of B�2r, in which case p�1 divides 2r, by the Von Staudt{Clausen

Theorem. For such cases we will prove

Lemma 4. In addition to the hypothesis of Proposition 5, assume that p � 1

divides 2r, and let pq be the power of p that divides 2r(2r + 1). Then pq+1

divides
Pk

j=1 ajx
2r+1
j , except in cases (ii) and (iii) of Proposition 5.

p � 1 divides 2r, except in cases (ii) and (iii); and Proposition 5 follows

immediately.

>From this deduce that p divides the integer in (40) whenever p� 1 divides

2r, except in cases (ii) and (iii); and Proposition 5 follows immediately.

It remains to give a

Proof of Lemma 4: By hypothesis 2r+1 � t (mod �(pq+1)), where t = 1 or

pq. If 2r + 1 > t then
Pk

j=1 ajx
2r+1
j �

Pk
j=1 ajx

t
j = 0 (mod pq+1), and we are

done. Clearly t � 3 and so we may assume that 2r+1 = pq , which implies that

p is odd. If q = 1 we get case (ii) so assume that q � 2.

Now, if p does not divide a given integer x then zp�1 � 1 (mod pq�1) for

z = xp
q�2

, so that

zp
2

�zp = zpf(1+(zp�1�1))p�1g � zp(zp�1�1) = p(zp�z) (mod pq+1);

and thus x2r+1
j � (p+1)xp

q�1

j � pxp
q�2

j (mod pq+1) whenever p does not divide

xj . This implies that

kX
j=1

ajx
2r+1
j � (p+1)

kX
j=1

ajx
pq�1

j � p

kX
j=1

ajx
pq�2

j + p
X
pjxj

ajx
pq�2

j ( mod pq+1) :

The �rst two sums here are 0 by (36) and the last is � 0 (mod pq+1) except in

case (iii).

12 Concluding remarks.

There have been numerous papers over the last few years that have been con-

cernedwith sequences of integers for which a `Kummer{type' Theorem, a `Lucas{

type' Theorem and/or a `Wolstenholme{type' Theorem holds. One nice example
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is the Ap�ery numbers,

an: =

nX
m=0

�
n

m

�2�
n +m

m

�2

;

which were introduced in Ap�ery's proof of the irrationality of �(3). At �rst,

a few seemingly surprising congruences were found for these numbers, but in

1982, Gessel [Ge] showed that these were all consequences of the fact that the

Ap�ery numbers satisfy `Lucas{type' and `Wolstenholme{type' Theorems (that

is anp+m � anam (mod p) and anp � an (mod p3) for all n � 0; p�1 � m � 0

and primes p � 5). R. McIntosh has asked whether a non{trivial sequence of

integers, satisfying a `Lucas{type' Theorem, can grow slower than an = 2n ?

One can also generalize the notion of binomial coe�cients, as follows, and

obtain `Kummer{type' and `Lucas{type' Theorems: Given a sequence A: =

fangn�0 of integers, de�ne (n!)A: = anan�1 : : : a1 and
�
n
m

�
A
: = (n!)A=(m!)A((n�

m)!)A, and ask what power of a prime p divides
�
n
m

�
A
, and also for the value

of
�
n
m

�
A

(mod p). The �rst of these questions is attacked systematically in

[KW]. A nice example was given by Fray [Fr], who proved `Kummer{type' and

`Lucas{type' Theorems for the sequence of `q{binomial coe�cients' (where each

an = qn � 1).

There are a number of questions that have recieved a lot of attention in

the literature which do not concern us here. Many require straightforward ma-

nipulations of some of the results given here (for instance, how many entries

of a given row of Pascal's triangle are not divisible by p), others easy gener-

alizations (for instance to multinomial coe�cients | most results in that area

follow immediately from the fact that multinomial coe�cients can be expressed

as a product of binomial coe�cients). People have also investigated the density

of entries in Pascal's triangle divisible by any given integer n, and strong esti-

mates of the average (and various connections therein to fractals and cellular

automata). For these questions, and some others that are not covered here, the

reader should look at [BCM], [Si] and [St].

Some relevant references

We have not given a complete set of references as there are far too many

! Instead the reader is encouraged to look at [Di], [Si], [St], and [Gu] and

[Lv], sections A08 and B64. We have, however, given more recent references

particularly to results for which we have not supplied an alternative proof, or

in which the exposition is particularly elegant.
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