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Abstract We develop a collection of single-parameter series representations involv-
ing special functions and mathematical constants. The techniques used result in new
representations as well as alternative proofs of known representations.

Keywords Series representations - Special functions - Mathematical constants

Mathematics Subject Classification 11A67 - 33B10 - 33B15 - 33B20 - 33B30 -
33CO05 - 33E05

1 Introduction

The representation of a function as an infinite series plays an important role in var-
ious parts of mathematics as well as in physics and engineering. Over the years,
numerous researchers published remarkable series representations for many special
functions and offered interesting applications such as Apéry’s proof that ¢ (3) is irra-
tional and Ramanujan’s development of rapidly convergent series representations for
the Riemann zeta function; we refer to [2,5-7,9,13,15], [16, Ch. 8-9], [17], [19, pp.
396-429], and the references therein for both recent and classical results. It is the aim
of this paper to continue the work on this subject and to present new single-parameter
series representations for the following classical functions:
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Gamma and beta functions

Trigonometric and inverse trigonometric functions
Logarithm function

Polylogarithm function

Complete elliptic integrals

Error function

As special cases of our results, we obtain series representations for various mathemat-

ical constants, like, for instance, arctan(1/ ﬁ), log g*‘i ,and 1/ 732,

In the next section we describe the technique to develop our series representations.
In Sect. 3 we offer our representations for special functions, and in Sect. 4 we provide
some additional series representations for the Catalan constant and 7w which are not

derived from representations for special functions.

2 The basic theorem

The primary tool that we will use to develop single-parameter series representations is
a technique we call the A-method which was developed within the context of specific
examples in [3,4] to find series representations from integrals of the form:

1
_ W @.1)
0 (I—axi)

witho = p = 1. Here, we begin by summarizing the method in the form of a theorem,
with a proof for completeness, and extend the technique to include other cases for «
and p. The techniques used result in new representations as well as alternative proofs
of known representations.

g(x)

(1 —ax9)P
satisfies g, G € L'[0, 1], where p e R, g > 0, and 0 < o < 1. With » < 1/2 and

Theorem (The A-method) Suppose that the function G given by G(x) =

1
b = b(a, q) = ak/ tg(rydr (0<kel),
0

it follows that

1 00 n
_8® (P AV
/o(l—otx")pdx_Zn!(l—k)”+P1§(k)( W' (e g), (22)

n=0

where (p),, is the Pochhammer symbol given by (p), = F(rn(—;)p) =pp+1---(p+
n—1),n € Nand (p)o = 1.

Proof The case that p = 0 is trivial. Now suppose that p > 0, ¢ > 0, 0 < o < 1,

)  satisfies ¢, G € L'[0, 1]. With

and that the function G given by G(x) = —————
(1 —ax?)

A < 1/2and x € [0, 1), it follows that
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lax? — Al

11—

and hence

gx) g(x)

8~ (P fax? =1\
_(1—A)p§) n! ( 1—x ) '

With
hn(_x) — g(X)(p)n (axq _ )\4) |
we obtain
|g(x)|(p)n |C(_xq _X| n
<”ZO ( 1—A )
= |g(x)] ( =2 )p
= |g(x T
1—M(1 — q »
=|G(x )|(( (1 —ax )) MGl
- |0le1 — )\|
where

1—x
M = max
1—-2A

p
) ,(1—A)p].

Since G € L0, 1] and (1_+)p ZZO:O h, (x) converges to G(x) on [0, 1), it follows
by the Lebesgue Dominated Convergence Theorem that

/lihn(x)dx_Z/ By (x) dix.
0 n=0

n=l

Therefore,

0

/1 g(x) dx:/l g(x) i(p)n (axq—k)" 0
o (I —axq)P 0 (1—)»)1’ n! 1—A

(P)n ax? — A
(1_W / ()(1 A)dx

_ Z (P)n
n'(l At

n

/ g0 (Z) (@x?) (=" F dx
k=0
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[e¢]

_ (P)n “ (n n—k 1 ‘
- Z (1 — nyn+p Zo (k) (=) /0 g(x)(ax?)* dx
- Z < nl(1 (p)xn)wp Z (Z) (=1)" (. q).

In the case that p < 0, say p = —p where p > 0, then

_ 8@ (P (ax? —a\" IO AVLEAEEAY
() = == ( 1_k) = g(0)(=1) (n)(—l_k)

and we find that

< Z 1200l ( ) (M)
< |g<x>|z( )(lwlﬂ__—kkl)

a—A\? R
= g0 (1 " %) < g7,

Since g € L0, 1] and ﬁ ZZ’;O h,(x) converges to G(x) on [0, 1), the result
follows as above. O

3 Series representations

In this section we apply the Theorem to obtain single-parameter series representations
for some classical special functions.

3.1 Gamma and beta functions

Our first application makes use of an identity proved by Choi and Srivastava [12]:

F(l-i—sqil)l"(l—p) _/1 e
0

= ——dx (g>0;5>0;0<p<1).
(s + DT (1+S;—‘—p) (1 =x0)?

3.1

An extension of (3.1) is given in [18, Formula 8, p. 296]. With the help of (3.1), we
are able to prove the following result.
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Special functions and mathematical constants

Identity 3.1.1 Let a, b, 6 be real numbers witha > 0,0 < b < 1,8 > 1/2. Then

o'm I'(a) X T +b) o (1) (6 — D'
sin(bw) I'(a+1—>) z nen Zo(k)ﬁ 3.2)

n=0

Proof Letq > 1/a. We set
s=qa—1, p=b, r=1-6.

Applying (3.1) and the Theorem with o = 1, g() = 17¢~! leads to

F'a+1) T (1->b) B 1 sqa—1 00 ), o
3.3)
with
: k
by = Yoyt = ———.
= esoa s+ a)

Next, we multiply both sides of (3.3) by ¢ 8 I'(b) and apply the well-known identities

P+ =xI() and TP -x) = 2.

This leads to (3.2). O

Special cases

(D Ifweseta=1/3,b=1/2,5 = 1 and make use of the formula
1/2 VT 2 1
re+1/2 =2 [lek-n
k=1

then we obtain from (3.2) the representation:

r'/3) (1/2),
'(5/6) V= Z nl(n+1/3)

(II) Weseta =b =1/3,5 = 1. Applying

C(n+1/3) = rdzs) H(3k 2)

3 k=1
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and (3.2) yields

(IIT) Since

i(") 1 _2n+1_1
k - 9
= k+1 n+1

we get from (3.2) witha=1,b=1/2,6 = 2:

-2 (1/2)n
\/_ Zn—Zl n!

Next, we study Euler’s beta function. The representation
sin((a — b)/2) /1 x4 — xP
——F—F 8B 1,b+1) = ——d ,b>—1; b<0
sn(@+ bynj2) J@thoth = | G aade @b>—Latb<0)
34
is given in [18, Formula 19, p. 297]. Applying (3.4), (a),/n! = (—=1)" ( na)’ and
the A-method, we find

Identity 3.1.2 Letx >0,y > 0andx +y < 2. Then for . < 1/2,

sin((x — y)7/2) . y)
sin((x + y)m/2) ’

S (S EDE
* ”;a—ww( n ) O(k)k k+x0k+y

k=

Special cases

(I If we set A = 0, then we find

ST PRI o) G WS I
sin((x+y)n/2)B(x,y)—(x y)nzz(:)( " PR TR (3.5

(II) We divide both sides of (3.5) by (x — y) and let x — y. Then for x € (0, 1),

2 ) 9 —1)"
B(x, x) = - sin(x) Z( nx) _(rE _'_i)z.
n=0
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Setting x = 1/3 gives

4 3~ —2/3) (=1)"
3VArR/3) _Z( no ) (n+1/3)%

n=0

(II) If x + y = 1, then (3.5) yields the well-known formula:

- 1
mcot(mrx) = (1 —2x) .
l;(n—l—x)(n—i—l—x)

Anidentity given by Choi [11, Eq. (1.4)] states that, fora, b > —landm+1 € N,

1 o™
2m+1 dam

/2
—Bla+1,b+1) = / (log sin 8)™ (sin 8)>*! (cos 6)*°+1 d6.
0
(3.6)
The A-method applied to (3.6) yields

Identity 3.1.3 Ifa,b > —1,m +1 € Nand A < 1/2, then

o i~ (=b) (= *
SBa+ b+ =(=D"m Z AT bZ( )—(a+k+1)m+1'
(3.7)

Proof Let g(t) = t***1 (log1)™. Since

! T(s+1)
/0 xr(_logX)de = m r>—1;s > —1),

see [16, Formula 4.272 (6)], we obtain

1 m
(=D m!
by = t**g(t)dr = 0<keZ).
k /o §() (2a + 2k 4+ 2)m+! O=keZ)

An application of the Theorem gives
/2
/ (log sin 0)™ (sin 8)> ! (cos 6)2+1 do
0
1

=/ (log )™ 1211 — )b dr

0
_(=D"m! i (—=b)n Z n (=) *
S A= &Nk ) (a+ kDD

Combining this formula with (3.6) leads to (3.7). O
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Special cases

(I) With m = 1, we find from (3.7):

Bla+1,b+D)(Y(@a+b+2)—ya+1)

(=b)n (—r)nk
va(l—x)n bz( )(a+k+1)2’

where y = I'// T denotes the digamma function.
(II) If a = 0, then

y+y(b+2) i (=) Z n) (="*
b+1 nzon'(l—)\)"b — k)] (k+ 12
In particular, setting A = 0, b = 1/2 yields the known result:

4 3 - (_1/2)11 4 3
log2 = — — = — = — — —3F(-1/2,1,1;2,2; 1);
08273 4;:(:)”!(”“)2 3l :

see [19, Formula 57, p. 503].
Next, we make use of the integral representation:

x4 4 xP

de (a, b > —1)

1
B(a+1,b+1)=/
0

which is published in [18, Formula 14, p. 297].
Identity 3.1.4 Forx >0, y > 0 and p < 0, we have

o0

_ 1 —x=y\x (7Y ek ] 1
B(x,y)_g(l_u)n+x+y( n ),;J(k)“ (k+x+k+y)'

(3.8)

Proof Using an argument similar to that in the proof of the A-method, we proceed as
follows (see [4] for a detailed description of the w-method): Let u < O and x € [0, 1].
Then

uw+x
L—pu

-1 < < 1.

Hence,
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1 /,L-}-x —a—b—2
—21_ —a—b—21 - -
e (+1—u)

o0 n
—a—b— —a—b—-2 n+x
o E ()
oo n
—n—a—b—2 [—a—b—-2 _
n=0 k=0

This gives

1 00
Ba+1,b+1) = / (x? +xb) Z(l _ M)—n—a—b—z (—Cl —b— 2)
0

n=0 "
n
Z (Z) w*xkdx
k=0
oo
n—a—b—2f—a—b—=2
n=0 "

n

n n—k 1 1
Z:O(k>” (k+a+1+k+b+1)'

Wesetx =a+ 1> 0and y =b + 1 > 0 and obtain the desired representation. O

Special cases

(D If w — 0, then (3.8) leads to

o0

& (cx—y\( 1 1
B(x,y)_ngo( n )(n+x+n+y)'

Setting x = y = 1/3 yields

2 o~ -2/3 1
3233 _,,Z:(:)( n )n+1/3'

(I) Next, we set . = —1 in (3.8) and make use of the formula:

—(n) =D _ T@n! (="
2\

P k+a_r(n+1+a)_(n+a)(_na).
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Then we obtain

+

by =S L (Y ! !
2V B(x, y) —22 ( n ) - -
n=0 w+0 | 7) a+n(

3.2 Trigonometric and inverse trigonometric functions

In [18, Formula 12, p. 296] , we find

T I ya—1
Sin(a]'[) :/0 mdx (0 <a< 1) (39)

An application of this formula and the Theorem implies

Identity 3.2.1 Fora € (0, 1) and » < 1/2,

L S (_a)"<n e
sin(arw) (I=x)nta \ n « k)¢ k+a

n=0 k=

Special cases

(D Setting A = 0 leads to

S
sm(an) n+a’

() If weseta = 1/2, L = —1, then we arrive at

52 ()20

Next we consider

—sgn(y)

1 /1 1
———~arccos | —— ) = ——dx (Jy|> 1),
Vy2 =1 ( y) 0 V1I—xXx—y)
see [18, Formula 15, p. 299]. This leads to

Identity 3.2.2 Let |y| > 1 and A < 1/2. Then

—sgn(y) (_l) _ ad (—1/2) 1 - (n) _yon—k
—y2 — arccos . nZ:(:) " Ay in ]Z(:) k (=D 2% ()

(3.10)
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with

"
Jk(y)=/
0o X—

Special cases

(I) If we set A = 0, then

%niyi arccos ( ) Z( " (—L/Z) Jon ().

(II) Setting y =2 and y = —2, respectively, yields

—J

1 k= s
dxzyklog(l——)+zy_ z 7 3.11)
y y J n

j=1 +1 J

2 > “1/2) ~— 2%
mn =,§ (—1)n( n/ )j:§+17
and
) 00 n—j
%n =,§) v (—’11/2)]‘—%‘11( b 12
Using
2 1 1 1
—ﬁarctanm =/0 mx_ydx (y=>1),

which is given in [18, Formula 14, p. 299], we obtain the following companion of
(3.10).

Identity 3.2.3 Fory > 1 and . < 1/2, it follows that

LS () e () v
Vy—1 g( n (1_A)n+1/2§ ) D k(y),

where Ji(y) is given in (3.11).

arctan

y —

Special cases

(I) We set A = 0 and obtain

2 1 > —1/2 o0 ynfj
arctan = (=" ( ) .
Vy—1 vy =1 2. n j:zn;rl J

n=0
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(IT) The cases y = 2 and y = 3, respectively, yield

%=2arctanlzz (—2)"(_;/2) z L

n=0 j=n+

and
arctan(1/+/2) = ! > (—3)"(_1/2) > L

We apply the well-known formula:

1 x 1
Earcsinx+%\/1—x2=/ \/l—tzdtzx/ VT Gn2dt 0<x<1)
0 0

and obtain
Identity 3.2.4 Let0 < x < land A < 1/2. Then

2k+1

1 X i 1/2 1 = (n X
. 2 _ [ ko
3 arcsmx+—2\/17 —)C—n§0< n ) (1 A)"l/zg(k)( D" 2k+1°

We set x =siny with 0 <y < m/2. Then we find

1.1, o~ (12 1 (1 g ek (sin )2
2y+4sm(zy)—2( : )—a—x)nl/zé(k)( TR I

n=0

Integration gives

”2+1_/n/21+1'<2)d
6 4 ), YTy )@

S 1 "N e ()
_Z::o(")mg(k)x —Zk)

(2k+1)2(k

The case A = 0 leads to a result of Ewell [15]. Setting A = —1 yields

xl= 44 16x/§§(1£2) (—%)n Zn: (Z) sz)'

k=0 (2k + 1)? ( i
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3.3 Logarithm function

In [18, Formula 12, p. 299], we find

Jylo VAR /l ! dx (y>1) (3.12)
A1 o V== \/1—X/ o '
Identity 3.3.1 Lety > 1 and A < 1/2. Then we obtain
S (172 n—k v
e =5 () e 2 (1) -
N A= (k+1/2)<_}(/2)

Proof The result follows from an application of the Theorem to the integral in (3.12)
withp=1/2,g=1,a=1/y,gx) =1/4/1 —x,and

1 k
by = y_k/ Y A=y B +1,1/2)
0

1 —x
K (—1/y)*

261~ 4i1) (—}{/z)

Special case
Setting A = —1, y = 2 yields

“EE Oy

3.4 Polylogarithm function

In [14], the following integral formula for the polylogarithm function
Lis@ =275 GeClad<D

k=1

is given:

] z 1 (_ logx)s—l
Lig(z) = T / dx (s >0;z¢ (1,00)); (3.13)
(s)Jo 1—zx

see also [19, p. 762]. Applying (3.13) and the Theorem, we obtain
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Identity 3.4.1 Lets > 0, |z] < 1, and A < 1/2. Then

k+1

. _ — 1 . n _a\n—k Z
Lls(z)—nzz(;—(l_w+1]§(k)( Sl (3.14)

Special cases
(I) We have

2
Liy(v/5 —2) — Lip(—v5+2) = ———log 2(V5+2),

so that (3.14) with s = 2, z = £(+/5 — 2), A = —1 leads to

5 o o ln/2] 2Ut1
w +5-2)

- - —1 V542 :
7 glE WSt = nz(:)zn Z (2k) TRk 1?2
where | | denotes the floor function. This representation is related to

7.[2 (ﬁ_2)2n+1
ﬁ——log 2(V542) = ;W

which was published by Landen in 1780 and rediscovered by Ramanujan; see [8,
pp. 41-42].
(ID) Since
1 1
Liz(1/2) = log 2 — En log2+ {(3)

we conclude from (3.14) with s =3,z = 1/2, L. = —1 that

2 1 7 1 & (n 1
“10g?2 — —nllog2 + Q) = > — S—
glog 2= gmlog2+5¢0) nzoznga(k)zk(kﬂﬁ

3.5 Complete elliptic integrals

For the complete elliptic integrals of the first and second kind, we have for k € (0, 1)
the representations:

1
K(k) = / (1= (0)?) ™21 = x>~ dx
0
and

1
Ek) = / (1—(0)?)'?(1 = x?)~2dx;
0
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see [18, Formula 18, p. 299]). Using these formulas and the Theorem yields

Identity 3.5.1 Letk € (0, 1) and & < 1/2. Then

A~ L\ (n) g (<12 2
K(k)_zz(l—)»)n—Hﬂ( n )Jgo(]))L /( J )k/

n=0
and
_Zoo 1 12\~ (n n—j { —1/2) ,2j
s(k)—zgo—(l_k)nl/z(n);;(j)x ( j )k :

Special cases

(I Setting in (3.15) A = 0 and A = —1, respectively, we obtain

00 2
K(k) = %Z (_1/2) K" = %2&(1/2, 1/2: 1; k%)

n
n=0

and
T o~y (=12
’““—m;(‘z) ( " )

‘We have

o Yo-~2\_ V3 rasy
4 V128w

so that (3.17) yields
1 i ~1/2 2(2—\/5)"
w2 ¢ n 4
n=0
with

C = —m
- V3T(1/3)3

In [19, Formula 176, p. 466], we find the identity:

= 0.09958....

2—z
F—n,lZ;l;z:l—z”/2P( ,
2P 12152 = (= 0" Ry (=)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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where P, denotes the Legendre polynomial of the first kind. Setting z = —1/2
in (3.19) leads to

A=Y Y () (1) e

Using (3.20) and

/c(i) _ T/4)?
NGy N

we obtain from (3.18) with k = 1/ﬁ :

Vi & 0
#Z r(1/24)2 ;(_%\E) ( ;11/2) P"(15_2‘/6)‘

(II) Setting in (3.16) A = —1 leads to

T o~ (12~ (1 ](—1/2) 2
E(k)_ﬁZ( 2) (n ) 0(1)( D7) ean

n=0 J=

Applying

1Y 72 T/4)?
5(%) T TR T sl

and (3.21) gives
72 T4 1 \/’ 1/2 5
I'(1/4)2 T f (" 2 ( n )P"(E‘/g)‘

3.6 Error function

An application of the integral formula

T 1 2
Z M1 — erf2 (V)] =/ e ~dt (x> 0),
4 0

1+t
see [1, Formula 7.4.12, p. 302], leads to
Identity 3.6.1 Let x > 0 and u < 0. Then

oo

I k+1/2,
%eX[l—erfz(ﬁ)]zz ( ))n+12( ) ”k%, (3.22)
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where

X
y(a,x):/ ey
0

denotes the incomplete gamma function.

Proof Using the method of proof, we have applied to establish Identity 3.1.4, we
obtain for u < 0:

e¢]

1 D" <
1+t2:Z(1_ ))n+12( ) nk2k (e] < 1.

Thus,
o

n n 1
%ex[l—erfz(\/ﬁ_f)]=z (= 1))n+12( ) / e~ 12k gy,

Since

1
1
/0 e—x12t2kdt SV y(k+1/2,x),

we arrive at (3.22). O

Special case
If we set x = 1 and let © — 0, then we get

oo

%[1 —erf2()] = > (= D)"y(n+ 1/2, 1)

n=0

4 Concluding remarks

(I) We present two stand-alone series representations which are not derived as special
cases of more general series representations of special functions.
Bradley [10] obtained for Catalan’s constant,

i (_ )n 5 = 0.9159%...

n()

the integral representations:

G /”/41 t d 1/1 arcsin ¢ dr
= - og(tanx)dx = = S ——
0 2Jo t/1 =12
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Using the second integral, we find for A < 1/2:

I (12 1 o -
o=32(" )m%(k%m k.

where

In = 11 2 and - : 2k=1 i — i —

0= og2 and [ = t arcsint dt = T —Bk+1/2,1/2)
2 0 4k
(k> 1).

The special case A = 0 leads to

. Tl (-1)2 w [ —1/2
G_Zlog2+§’§;( . )[(—1) —( . )]

An application of

T /1 x—1
— = dx
16 0 (X2 =2)(x2=2x+2)

which is presented in [7], gives for A < 1/2:

T 00 (— )\)n k
2 Z (1 A)"+1 Z( ) Bk

n=

where
L] — )2k /4
Ak=4/ ﬁdx:4/ tant(l—tant)det
0 x2—2x+2 0
2k
2% /4
=4 S ) (=1 tan/ Tz dr
Z(,)( )/0 .
j=0
2%k .
2k i () Jj 1
— 1)/ L YA
S3 () el -+ D]
j=
In particular, setting A = 0 yields
00 1 2n ] ] 1
— —11[ L) —y(L —].
=2y 2 (7)) ()
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(IT) The referee notes that novel series identities can be obtained by differentiation
withrespectto §, A, or u in expressions such as (3.2), (3.10), or (3.22), respectively.
We use the notations given in the Theorem and define

bgw)

(1 —axq)?
(p)n . n n—
= Z PITRSEAT Z (k) (=0)" by, 9).

Then for 0 # A < 1/2,

oy =a-nr

1
— / — _3\P g(x)
Go—1) f'0) = p(1 = 1) /0 L
_ < (P)n A\ (n\n—k+kx
= (,\—1> %(k)wbk(“ﬂ)-
Setting . = —1 for example, we get
1 00 n
p[ 89 g5 P (n) -
2 /0 (l—o(x‘I)de_nZ::On!zn P k (n — 2k)bi(, q).

am > IN (—a) <~ (n\ n—2k
4T3 (-]) |
sin(am) —\ 2 n )= k)] n+a
With a = 1/4, this yields

-2 (1) 2 (0

Acknowledgments We wish to thank J. Sondow and M. Hirschhorn for inspiring comments as well as
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