610 millions 
mathematical constants, 
100608 integer sequences and 1 table 
vs

 the CODATA 2002
Simon Plouffe


What is the problem exactly ?
There is that table from the NIST-CODATA 2002 which is a table of physical constants and the interest is in the 28 dimensionless values that represent particles ratio.

They were published in december 2003 and they corrected the values of the CODATA 1998 (which also corrected the 1986 CODATA).
The numerical precision is from 6 to 12 decimal digits.
We do not know much about that subject apart from the value given by Richard P. Feynman in the 60’s, namely 
Mproton/Melectron ≈ 
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 = 1836.118107…
But is it good? :  no, and here is why. 

Mass ratios of the CODATA 2002 with masses in Kg.
	neutron-proton             
	1.00137841870

	tau-neutron                
	1.89129000000

	tau-proton                 
	1.89390000000

	deuteron-proton            
	1.99900750082

	helion-proton              
	2.99315266710

	alpha particle-proton      
	3.97259968907

	proton-muon                
	8.88024333000

	neutron-muon               
	8.89248402000

	tau-muon                   
	16.81830000000

	muon-electron              
	206.76828380000

	proton-electron            
	1836.15267261000

	neutron-electron           
	1838.68365980000

	tau-electron               
	3477.48000000000

	deuteron-electron          
	3670.48296520000

	helion-electron            
	5495.88526900000

	alpha particle-electron    
	7294.29953630000


	electron
	9.1093826e-31

	muon
	1.8835314e-28

	proton
	1.67262171E-27

	neutron
	1.67492728E-27

	tau
	3.16777e-27

	deuteron
	3.34358335e-27

	helion
	5.00641214e-27

	alpha
	6.6446565e-27



[image: image2.emf]
The database (main table) consist of :
All combined in 1 table.

The Plouffe Inverter database
610 million real numbers at 16 digits precision + description (not online yet…)
Steven Finch’s book : 797 entries at 10 digits.

CODATA-NIST 2002 table : 28 mass ratios of 8 particles.
OEIS database : is about 100000 sequences transformed into 13 million real entries at 16 digits coded this way
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with x = 1,-1, exp(-2(/k),

+ concatenated sequences, continued fractions, … 13 million entries at 16 digits.

Important facts :  
--Consider only the values that are > 1.
--Only the ones in the CODATA 2002.
--The ones that are known to enough digits and that are classical.
--According to the standard model only tau, muon and the electron particle are known enough. Only tau/electron has sufficient precision for testing.
( I took 16 dimensionless values.
Each value is the result of a series of complex experiments and is not the result of the arithmetic operation of Ma/Mb.

Hundreds of scientists worked in this project and the compilation of all the results took 1 full year.

CODATA 2002 was made public in Dec. 2003.
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A first model :
Particles are uniform spheres of dimension 3, 4, 5, ?
If it is the case then in virtue of this :
Le volume de toute sphère, 
de toute terre, 
quelle soit de pierre ou de bois,

est égal au quatre-tiers de pi, r3.
In other words the volume of a n-dimensional sphere is 

Vn = 
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A summary analysis suggests nothing of evidence. That idea is somewhat the generalization of Feynman’s idea but the value of 
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is 40663*e : rejected.
 
The second model : Archimedean solids.

They are semi-regular solids, 13 are known.
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With permission from the Mathworld website of Eric Weisstein at wolfram.com.
The idea being that if the volume of such solids can be expressed in term of radicals then the ratio of 2 of them should follow the same rules (simplification of radicals).

Examples of values for surface and volumes : 
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But there is a big problem with this.
Mp/Mn ≈ cos(pi/60) = 1.001372346…
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That simple expression was the simplest found in term of length not precise enough since I have 10462*e but very elegant.

The problem is that expression in radicals

Small radicals are sometimes represented by big polynomials with huge coefficients.

In this case, cos(pi/60) is one the real roots of
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A 24’th degree polynomial.
Since I am limited by 11 digits, that polynomial is by far out of reach.
It is not reasonably feasible to detect a polynomial of degree 24 with that kind of coefficients with only 11 digits.

In other words : the Integer Relation algorithms are useless in this case.

A known rule of thumb tells us that.
A 24’th degree polynomial would normaly take 24*24=576 digits in order to be detected properly.

How do we solve this problem?

-Tables, Tables, Huge Tables and smart lookup.

- Integer relation algorithms yes but applied to only 3-4 entries at the time.

- 245 million entries of various algebraic numbers of all kinds was constructed over a period of 6 months.

That model of Archimedean solids was not conclusive : nothing was found indicating that it could be something like a geometrical solid of any kind.

We go now for the 3rd model : OEIS database.

First the construction of the real number entries from the 100,000 sequence.

Second, I evaluate each series at specific points like 1, -1, exp(Pi), exp(-Pi), … like this
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Here, the model is imprecise because I suppose that the relation or ratio will come up as something simple. 

The OEIS database represent thousands of combinatorial situations, mathematical patterns of all known kind.

There are tens of thousands references, 300 people updating the table regularly. An important internet traffic of ideas and patterns.

Normaly, ratios of entries should produce something valuable : It did not.

Several sub-models were applied and nothing of interest was found even with the less-interesting sequences (index # > 10000).

Nevertheless, the exercice produced 13 million additional entries in the main database.
A bit of history
That idea of having a mathematical expression for those ratios is not new.

Among the greatest physicists did try to find something at some point.

Eddington with Einstein (at the beginning) did thought about it but later abandoned the idea.

As the fine structure constant was known to a batter precision, going from 1/136 to 1/137 then Eddington was changing his theory accordingly. They changed his name too to Sir Arthur Adding-One.
And of course that example of Feynman with Mp/Me ≈ 
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 = 1836.118107… at the time it was a pretty good guess but actually, 6*pi5 + 328/pi8 is a lot more precise but…
Dirac said that <it is an illusion to try to find a fixed mathematical expression>.
Portion of the big table for the value

1836.15267 (9 exact digits) of Mp/Me

in increasing length of expression for

Pi and exp(Pi) models.

1836.152676760151 =  6*Pi^5 + 328/Pi^8
1836152670548198 -1227/Pi^7-186*Pi^2

1836152677901883 -7/Pi^7-1/Pi^3-6*Pi^5

1836152672385660 -12704/Pi^8+28*Pi-2*Pi^6

1836152674580901 -37/Pi^8+855/Pi^2-2*Pi^6

1836152676159516 1/133*Pi^4-2395/399*Pi^5

1836152673618732 -291/292-1/4*exp(17/6*Pi)

1836152675272101 -45*Pi-27/4*Pi^3-61/4*Pi^4

1836152673624582 109/60+57/40*Pi^4-5/24*Pi^8

1836152676379866 75/28+17/14*Pi^4-57/28*Pi^6

1836152672957640 7/149-57/149*Pi^3-90/149*Pi^7

1836152674218933 178/87+140/87*Pi^2-17/87*Pi^8

1836152671189885 -23/16*Pi-27/4*Pi^3-27/16*Pi^6

1836152673781861 59/70*Pi+11/70*Pi^4-27/14*Pi^6

1836152674060637 97*5^(1/2)*11^(7/10)*97^(1/10)

1836152677370413 76/63*Pi^2+2/9*Pi^4-13/21*Pi^7

1836152678378291 -132/59+37/118*Pi^5-12/59*Pi^8

1836152672373225 -734/31/Pi^2+27/31*Pi-6/31*Pi^8

1836152678960346 9/11*Pi^3+82/55*Pi^6-12/11*Pi^7

1836152679556257 -3/7/Pi^3+41/35*Pi^4-71/35*Pi^6

1836152670207220 25/41*Pi^3-125/82*Pi^5-6/41*Pi^8

1836152676706566 15/17*Pi^2-6/17*Pi^3-23/119*Pi^8

1836152676915107 -97/92*Pi^2+29/92*Pi^4-9/46*Pi^8

1836152679805356 28/295*Pi^3+71/118*Pi^4-1/5*Pi^8

1836152670809883 -54/29*Pi^2+35/29*Pi^5-21/29*Pi^7

1836152670996306 -49/24/Pi^2+49/72*Pi^2-23/12*Pi^6

1836152671705770 374/15*Pi+377/15*Pi^2-106/15*Pi^5

1836152673585443 -68/567*Pi+4/63*Pi^3-115/189*Pi^7

1836152671583461 -286/31*exp(9/5*Pi)+2/31*exp(3*Pi)

1836152672382738 -4*exp(7/6*Pi)-21/29*exp(37/15*Pi)

1836152672455252 52/123*Pi^4+8/123*Pi^6-79/123*Pi^7

1836152672474430 -251/66+exp(71/30*Pi)-exp(13/5*Pi)

1836152672896671 -221/186-101/186/Pi^2-355/186*Pi^6

1836152673604904 -105/2-75/8/Pi^2-172297125/32/Pi^7

1836152679747320 -104/29/Pi^3+23/58*Pi^4-18/29*Pi^7

1836152679918741 11-10*exp(7/6*Pi)-17*exp(17/12*Pi)

1836152671664775 4/7+5/8*exp(8/5*Pi)-3/4*exp(5/2*Pi)

1836152671747471 205/3+60*exp(7/5*Pi)-38/3*exp(2*Pi)

1836152672395366 -109/6*exp(2/3*Pi)-48*exp(17/15*Pi)

1836152672919305 -2-exp(34/15*Pi)-9/35*exp(37/15*Pi)

1836152673440505 34/5*exp(23/15*Pi)-8/3*exp(11/5*Pi)

1836152673513780 733/33*Pi^2+376/33*Pi^3-272/11*Pi^4

1836152673890034 49*exp(7/20*Pi)-107/2*exp(23/20*Pi)

1836152676297049 -63/50*exp(Pi)-231/50*exp(19/10*Pi)

1836152676999520 5/3*exp(1/6*Pi)-64/69*exp(29/12*Pi)

1836152670127124 3/4-2*exp(11/6*Pi)-7/8*exp(23/10*Pi)

1836152670328824 -65*exp(23/30*Pi)-37/3*exp(43/30*Pi)

1836152670568104 46/7+53/7*exp(1/2*Pi)-10*exp(5/3*Pi)

1836152671050552 -1210-239/cos(1/60*Pi)-670/3*3^(1/2)

1836152671314931 4+1/8*exp(9/4*Pi)-5/24*exp(35/12*Pi)

1836152672647557 -258/179*Pi-85/358*Pi^5-655/358*Pi^6

1836152673393238 297/263*Pi-124/263*Pi^2-502/263*Pi^6

1836152673441674 -23/152*exp(3/5*Pi)-1/4*exp(17/6*Pi)

1836152673512744 16/51*Pi^3-107/102*Pi^4-185/102*Pi^6

1836152674279877 -17/81-1/81*cosh(Pi)-8/27*cosh(3*Pi)

1836152674544350 -68-55*exp(19/15*Pi)+3*exp(19/10*Pi)

1836152674690666 -56/5+9/10*exp(28/15*Pi)-4*exp(2*Pi)

1836152675009435 -5*exp(17/15*Pi)-23/44*exp(77/30*Pi)

1836152675473028 -4/5*exp(7/10*Pi)-71/100*exp(5/2*Pi)

1836152675651127 -4/29*exp(4/5*Pi)-53/29*exp(11/5*Pi)

1836152676358162 10-49/5*exp(13/30*Pi)-2*exp(13/6*Pi)

1836152676397891 -53/3-247*exp(4/3*Pi)+77*exp(5/3*Pi)

1836152676699699 15-8*exp(14/15*Pi)-2/7*exp(83/30*Pi)

3 other rejected models.

Model 5a : Ça tourne autour de la valeur (23 + 61/4). Si A =  (23 + 61/4) alors  on a
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Mais ici le nombre (23 + 61/4) n’a rien de spécial, il n’apparaît pas dans les tables si ce n’est que par pur hasard. Il n’apparaît pas dans les Ramanujan Notebooks ni dans la littérature comme Mathematical Constants de S. Finch.
Conclusion : rejeté.

Modèle 5b : Ce sont des valeurs balancées autour des exponentielles comme exp(-3pi), exp(-2pi), exp(-1), 1, exp(pi), exp(2pi), exp(3pi).

Ce qui donne beaucoup plus de données mais sans motif général (et encore moins d’explication). Rejeté également.

La liste des candidats es assez longue mais aucun ne semble ressortir.

Ici l’idée naïve était que par exemple : 
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En d’autres termes, la somme des inverses des nombres composés est une relation linéaire en (4 ,1/(4 et 1. Une bonne idée mais qui ne fonctionne pas non plus.
La raison de ce choix est qu’on peut dire que la constante d’Euler (0.5772156649…) est en fait le potentiel en 0 de charges placées en 1,2,3,…,. Il existe des raisonnements semblables pour ((k).

Model 5c
The shortest and most exact expressions possible among the 23 million candidates.
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Rejected because there are no <motif>.
Le dernier modèle : 
En cherchant l’expression la plus courte possible je suis tombé sur 
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 = 7294.299…

C’est le ratio de masse de la particule alpha et l’electron. Ici c’est précis (en deça de l’erreur normale), assez élégant et court et surtout : 11 n’est-ce pas un nombre de Lucas?

C’est L(5) mais aussi 11 ≈ φ5 , et 29 ≈ φ7.

En fait c’est φ en déguisé tout ça.

Oui si on simplifie on a 

Malpha/Melectron ≈ φ37/2

Mais φ37/2 n’est vraiment pas égal à 7294.299 non plus c’est plutôt 7349….

Ah oui : ces expressions sont non-linéaires en fait puisque 
[image: image55.wmf]1

φ

5

F

φ

L

L

5

F

n

n

n

n

n

n

»

»

»

.
C’est proche de 1 mais pas exactement et on peut travailler des familles d’approximations de cette façon sans jamais en trouver la fin.

Si on compare des expression trouvées avec les autres on a le même genre de simplicité.

Par exemple avec Mn/Mp = 1.00137… on trouve 
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Et à chaque fois qu’on a une expression qui fait intervenir Fn, Ln ou phi on peut toujours ramener à une série d’approximations en remplaçant avec l’une des 3 transformations de base.

Comme avec : 
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Ce qui nous donne le tableau suivant des meilleures trouvées selon le modèle.




	Neutron-Proton
	1.00137841870
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	Alpha particle-Electron
	7294.2995363
	
[image: image62.wmf]2

1

7

5

/

17

L

φ

L



	Tau-Muon
	16.8183
	
[image: image63.wmf]4

11

1

10

L

L

φ

9



	Helion-Proton
	2.9931526671
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	Neutron-Electron
	1838.6836598
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	Proton-Electron
	1836.15267261
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	Muon-Electron
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	Neutron-Muon
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	Proton-Muon
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	Helion-Electron
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	Alpha-particle-Proton
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	Deuteron-Electron
	3670.4829652
	
[image: image72.wmf]29

36

8

2

/

8/29

3

L

φ

L



	Tau-Proton
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Conclusion : 

Aucune expression plus simple n’a été trouvée.

Est-ce une réponse à la question : non pas définitivement mais c’est une réponse mathématique simple et c’est ce qu’on voulait trouver.


Analyse des relations 
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Ces relations sont proches de 1 et non-linéaires, par exemple l’expression
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N’est pas une approximation de log(7294.2995363)/log(phi) c’est une relation linéaire avec

log(Malpha/Me),log(11), log(29) et log(phi). Et si on veut en trouver d’autres du genre il faut prendre

Log(ratio), log(p) et p est un facteur de Ln ou Fn et prendre plusieurs p.
Mais si on veut l’expression la PLUS simple, la plus courte et aussi la plus précise on est amené à créer les tables quand même à cause essentiellement d’une faiblesse des algorithmes LLL-PSLQ qui se ‘plantent’ pour une relation du genre : 

Avec [1, √5, φ48] le programme répond

 [-1791659574, 1, -4006272456] 

Quand en fait la vraie bonne réponse devrait être [5374978561, 2403763488, -1] qui est une combinaison linéaire de  F(48), √5 et F(47).

Oui parce que φ48 est proche d’un entier et on aura ce même genre de phénomène à chaque fois qu’un irrationnel est proche d’un entier, pour l’algorithme LLL-PSLQ c’est une trappe numérique, un minimum local.
D’autres exemples existent comme {exp(1)*n!} tend vers 0 mais pas avec suffisamment de conviction avec n pour faire planter le programme. L’erreur est de l’ordre de 1/n. C’est pour cette raison que j’ai construit toutes ces tables.

The example does not work in 
Maple 9

Mathematica 5

Pari-Gp 2.39

They all fail for that example.

Of course with 100 digits of precision it does work but it misses the point! 
What is this?
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